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ABSTRACT. We try to understand why firms producing

goods by means of complementary components do not merge,

especially in industries in which investments in component-

based knowledge matters. As Audretsch, we state that these

activities are developed by ‘‘individuals’’ who do their best to

appropriate the return from their knowledge and whose effort is

non-contractible. The organization of the industry into firms is

identified to a partition of the set of individuals. In this context,

we prove that an organization in which each individual hold his

own firms is both stable with respect to unilateral deviation and

optimal in the line of the property right approach. If the returns

are high enough, this structure is even the only one which shares

both properties.
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1. Introduction

They are a growing number of knowledge-based
industries producing composite goods and which
involve a significant number of small and spe-
cialized firms. This phenomenon is observed
world-wide, for instance, in the biotechnological
or pharmaceutical industry. In the former sector,
small firms already represented 40% of the total
number of firms in US in 1991. The same evo-
lution is now observed in Europe. For instance in
France, there are 400 specialized biotechnology
SMEs employing 15,000 peoples with a turnover
of 2 billion Euros. A similar phenomenon is also
observed in Germany and in UK.1 More gener-

ally, this fragmentation of activities is often ob-
served for composite goods. In this case,
consumers purchase bundles of goods pooling
complementary components while these modules
are often produced by independent firms rather
than by a completely integrated structure. But
the growing literature on composite or system
goods introduced by Matutes and Regibeau
(1988) does not really provide an answer to the
question of the modular structure of the industry
because the underlying network2 which orga-
nizes the production is often taken as given. So,
what are the conditions which ensure the exis-
tence of specialized firms producing comple-
mentary components?

Put in an other way, our main purpose is to
understand why several firms producing com-
plementary components do not always merge,
especially in high-tech industries and, more
generally, in all industries in which high levels of
investments in specialized and component-based
knowledge are the major cause of benefits. In
this case, both the transaction cost and the
market structure approach predict a merger.
Even Cournot’s study (A. Cournot, 1974) of the
‘‘Concours des producteurs’’ case3 reached, a
long time ago, this strong conclusion which is
not validated, for instance, within the biotech-
nological industry. So can this conclusion be
reverse? Following Audretsch (1995, 2001a), we
start from the idea that ‘‘individuals’’, or more
precisely here the developers of some specific
knowledge, play an important role in these
industries. Firms are defined as a collection of
individuals with the property that none of their
members can obtain a higher return of their
knowledge elsewhere.

To illustrate this point, let us come back to
the structure of the biotechnological industry in
US in the 90th (see Audretsch, 2001b). In this
sector the large established firms buy the new
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components developed by specialized firms,
combine and convert them into large scale
marketed products. One could, of course, al-
ways argue in the line of Becker and Murphy
(1992) that this situation corresponds to some
natural division of labor. But, the profitability
of this industry largely relies on investments in
specialized knowledge realized on each compo-
nent and these investments in human capital are
non-enforceable and specific to each activity. So
why these established firms do not control all
these specialized activities and why they do even
power the development of independent entities?

By trying to understand why these firms did
not merge, we address the problem of the nature
and boundaries of a firm and therefore enter
into the line of research opened by Coase (1937)
seminal contribution. But both the transaction
cost and the standard market approaches sur-
prisingly conclude that these firms have an
incentive to merge.

The point of view of the transaction cost
approach (Williamson, 1975, 1979) can be
summarized as follows. In the previous example,
as well as in many composite good industries,
this approach emphasises that strong relation-
ship-specific investments make these firms
strongly interdependent. Moreover, if all these
actors have in mind that, say, the molecule she
produced can contribute to an other final
product at not too high costs, the tenants of the
transaction cost approach exhibit a double hold-
up problem and conclude, on the basis of these
two arguments, that these firms should merge.

We can, of course, always argue, as Holm-
strom and Roberts (1998), that the transaction
cost approach considers the market as a black
box and therefore only spells out the costs and
benefits of integration which relies on the pres-
ence of an impersonal market. Put in other
words, we could perhaps argue that the exis-
tence of composite good industries is related
to the nature of the competition on the final
market.

This argument is again not really convincing.
The tenants of this approach usually argue that
firms have no incentive to merge if the aggre-
gated profit of the separately owned components
is, at the market stage, higher than the profit
obtained in the merger case. But the market

structure for composite goods is quite singular.
The firms set the price of the component they
produce and they know that consumers are
willing to pay for the whole bundle of comple-
mentary components. These strategic interac-
tions lead to ‘‘double marginalization’’
behaviors because each price setter misestimates
the true elasticity of the demand and his real
market power. This peculiar market structure is
known since Cournot’s book (Cournot, 1974,
chapter 9) and it was latter identified (see Son-
nenschein, 1968) as a case of Dual Cournot
competition (DC for short). Nevertheless Cour-
not already reports that the firms have a strong
incentive to merge.4

Till yet, we however do not take advantage
from the fact that we consider knowledge-based
industries. In this case, the production of com-
plex commodities often requires the knowledge
of several component-based domains, and the
appropriability issue becomes crucial. From that
point of view, the simplifying assumption which
states that a final commodity is produced by an
integrated firm does not make sense because this
simplification strongly relies on the idea that this
firm has the ability to appropriate all the
knowledge embodied in the different compo-
nents. So, if we assume, like Audretsch (1995,
2001a), that these specific knowledge-based
activities are developed by ‘‘individuals’’ the
question becomes: ‘‘How can economic agents
with a given endowment of new knowledge best
appropriate the return from that knowledge?’’
(Audretsch, 2001a, p. 40). It seems therefore
more relevant to identify each specialized
knowledge-based component to a decision cen-
ter. We thereafter call it the owner or the devel-
oper of a component.

In this framework, a firm can be identified to
a collection of basic activities with the property
that each developer shares her knowledge inside
the group and has no incentive to leave this
group because she cannot obtain a better return
from her knowledge elsewhere. Then, the
structure of the industry, i.e. the set of firms
producing a complex commodity, is a partition
of the set of all basic activities with the property
that none of the developers can improve the
returns of his knowledge by moving to an other
firm or by creating his own business.
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Our approach departs from Audretsch’s work
because we assume that each holder of an initial
activity is not only endowed with knowledge but
also has the ability to improve it by specific
investments. This allows us to fit with the stan-
dard property right approach.

In fact once the firms are settled and the
leaders are chosen, we assume that these agents
have the opportunity to invest a certain amount
of money in each component under their con-
trol. These investments improve the knowledge
of each activity developed by the firm and, by
the way, enhance the quality of the final com-
posite good. We however assume that only the
lowest level of investment across all components
matters. When a consumer buys a complex
knowledge based commodity, she does not
necessarily care about the components. She of-
ten says that this commodity is not performing if
at least one component is of low quality.5 From
that point of view, it seems logical to assume
that the different firms have a strong incentive to
cooperate with regard to this decision. But an
other feature of knowledge-based products
matters . These investments are, due to their
specificity, most of the time non-enforceable. So,
even if the developers decides, inside a firm, to
join their activities and to share their knowledge,
it seems difficult to assert that the same happens
across firms. These investments must be chosen
in a strategical way. One could at most accept
the idea that the best outcome is selected if
several Nash equilibria occurs.

Even if the firms do not cooperate with respect
to these investment decisions, we show that they
have a strong incentive to act in this way when
they set prices. This result is closely related to
dual Cournot competition, especially to the
‘‘double marginalization’’ effect which is at work.
Cooperation eliminates this inefficiency and
therefore increases both profits and total surplus.
But, these gains from cooperation must be
shared. To solve this problem, we adopt in this
paper a standard Nash bargaining approach6

where the outside options are given by the pay-
offs that can be obtained if no cooperation
occurs, i.e. the payoffs obtained in a DC game.

Since the firms both cooperates ex post i.e. at
the market stage and choose ex ante their
investments in a strategical way, our approach

also fits with the standard property right theory
developed by Grossman and Hart (1986), Hart
and Moore (1990) or Hart (1995). Therefore, we
address the question of both the determination
of a stable structure of the industry and the
question of the efficiency of this organization.

To sum up, we consider a subgame perfect
equilibrium of a three step game. The first one is
dedicated to the search of a stable partition of
the set of elementary activities into firms. Such a
partition is reached if none of the developers of
a basic knowledge-based component has an
incentive to leave the firm to which she belongs.
At the end of this step, each developer transfers
to the firm the right to sell the product and to set
the price of the bundle of components7 which
are produced by the firm. In return, she obtains
a part of the profit realized by this firm which is
proportional to her contribution to the pro-
duction of this sub-component. In the second
step, the existing firms choose the level of
investment for each controlled activity. These
investments are not contractible8 but strongly
influence the quality of the final product. Due to
these externalities, these investments are ob-
tained by a Nash equilibrium and if several
equilibria exist we select an undominated one.
After these strategical choices, production takes
place in each firm and the quality of the final
good is observed. In a third step, it remains to
set prices. Firms have the ability either to
cooperate or to play a DC game.

We solve this game backward. We first ex-
hibit some properties of DC competition. This
enables us to prove that cooperation is the best
issue in the last step of the game and gives us
some information on the outside options of the
bargaining process. In fact, we establish that
every firm earns the same profit level if DC
competition occurs. As a consequence, we verify
that the Nash Bargaining process leads to an
equal sharing of the monopoly profit between
the different firms. After this step, it becomes
possible to tackle the question of the choice of
the investment levels in each specific knowledge.
Because only the lowest level of quality matters,
this game admits a large set of Nash equilibria
(NE). We concentrate our attention on un-
dominated equilibria and compute, for each
partition of the set of activities, the profit
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obtained by the different firms. If each developer
of a basic activity is able to foresee these dif-
ferent profit structures, she is able to decide to
joint an existing firm or to create her own
business. In other words, we are able to char-
acterize all stable partitions of the set of activi-
ties, i.e. the set of existing firms. We show that
every stable partition induced by our mechanism
leads to an efficient allocation of the property
rights in the sense of Grosman–Hart. We prove
that if the investments in specialized and com-
ponent-based knowledge are the major source of
benefits, then every initial owner of a basic
activity has a strong incentive to create her own
firm. But this does not mean that this situation is
the unique issue. If the return are not too high
but nevertheless positive, this outcome is still
valide among others.

The paper is organized in the following way.
The model is depicted in Section 2. The other
sections analyze the subgame perfect equilib-
rium of the game considered in this paper. Sec-
tion 3 is devoted to the presentation of DC
competition and to the Nash bargaining process.
Section 4 describes the strategical investments in
specialized knowledge. The conditions of the
existence of composite good industries are dis-
cussed in Section 5. Some concluding remarks
are made in Section 6. Proofs are relegated to an
Appendix A

2. The model

To depict a composite good industry in the
simplest way, we consider a set I ¼ f1; . . . ; Ig of
basic activities which are combined in order to
produce a composite or a system good. These
activities are sharp complements. This means
that the production of one unit of the composite
good requires a fixed proportion of the output
of each activity i 2 I. To simplify the analysis,
we even assume that these contributions are the
same and are all set egal to one.9 However this
does not mean that the components are the
same. They have different unit production costs
given by ci for each i 2 I.

The level quality of each component can also
differ since it can be improved by a specific
investment of a bounded amount of money
ei 2 ½0; �ei�. The production of quality of each

component exhibits constant returns to scale
with respect to the level ei of monetary
expenditure. But, like Economides (1999) and
since these activities are complements, we as-
sume that the quality of the composite good is
given by the lowest level of investment. This
index of global quality is set to 1 when no effort
occurs and egal to q ¼ 1þmini2Ifeig in the
other case.

Quality also matters on the demand side: the
consumers base their willingness to pay on this
index. More precisely, we consider a discrete
choice model involving a continuum [0, 1] of
customers. Each of these agents has an intrinsic
valuation x 2 ½0; �x� of the composite good. But
she takes care of quality, being ready to pay10

q � x. A cumulative functionG(x) which describes
the distribution of x across the population com-
pletes the description of the demand. Its density
g(x) is assumed to be strictly positive and non-
decreasing i.e. g(x)>0 and g0ðxÞ � 0. Under
these assumptions, the final demand is
DðpqÞ ¼

R �x
p=q 1 � dG ¼ 1� Gðp=qÞ: This demand is

zero for prices which are higher than �p ¼ �x � q.
Our assumption on g(x) becomes clear: if the
price decreases, at a given level of quality, or if the
quality increases at a given price, there are less
and less new consumers who decide to enter into
the market. Finally, we also assume that
c ¼ Ri2Ici<�x in order to make sure that the total
unit production cost is always lower than the
highest reservation price whatever the level of
quality is.

A firm is a endogenous subset f � I of basic
activities. The set of firms F ¼ ffgFf¼1 describes a
partition of this set I. By choosing to pool several
activities, a firm produces a module of the final
good by pooling several activities. The unit pro-
duction cost11 of this module is therefore given by
cf ¼ Ri2fci. Moreover we assume that this firm
has both the ability to set the price pf of that
module and to choose the levels of investments
ðeiÞi2f in each component of themodule. This firm
supports an additional investment cost of Ri2fei.

As soon as prices and investments are chosen,
the returns are shared within the firms. Since we
have assumed that one unit of each activity is
required to produce the final good, the sameholds
at the module level. In other words, we can say
that each activity i 2 f contributes in the same
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way to the production of given firm f. This allow
us to assume equal profit sharing inside of each
firm.

The game is played in three steps. In the first
one, every developer of a specific knowledge-
based activity has the opportunity to join a firm
or to create her own business. The outcome of
this first stage is a stable partition of the set of
activities and each element of this partition
represents a firm which produces a module of
the final good. The second stage is dedicated to
the investment game. Each firm invests a certain
amount of money in order to improve the
knowledge embodied in each different activity
under her control. The levels of investments
chosen by the different firms determine the
quality of their module, hence, the quality of the
final good. Quality decisions being not con-
tractible the natural outcome of this stage is a
Nash Equilibrium. However we allow pre-play
communication in order to select a undominated
equilibrium. The last step is dedicated to the
price and quantity choices. We first show that
the firms have an incentive to cooperate instead
of entering into a DC competition. Profits
resulting from this cooperation are shared be-
tween the firms by means of a Nash Bargaining
process. To summarize, we solve the following
game backwards

step 1. Firms settlement: a stable partition of the
set of activities
step 2. Knowledge improvements: an undominat-
ed Nash equilibrium
step 3. Price and quantities: a Nash bargaining
solution

3. Nash bargaining: the threat of DC competition

In order to make sure that cooperation occurs
and to know the profit sharing rule, we need to
study the outside option of this bargaining
process. In order to achieve this goal, we pro-
ceed in three steps. We first introduce the notion
of DC competition and check existence. We then
exhibit several properties of this notion. This
will help us in a third step to conclude that
cooperation occurs and to determine the payoffs
of each firm under Nash Bargaining.

So let us first assume that no agreement is
reached. In this case, each firm f 2 F chooses the
price pf of her module. But, as usually for
composite goods, the price paid by the con-
sumers takes into account the prices of the dif-
ferent modules. Since the firms are aware of that
fact, we deal with a game. In fact we say that12

Definition 1. A Dual Cournot equilibrium is a
price vector ðp�f Þf2F with the property that:

8f2F

p�f 2arg max
p
f
�cf
ðpf�cfÞ �D

1

q
�
X

g2Fnffgp
�
gþpf

� �� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
pfðpf;p��fÞ

ð1Þ
where p��f stands for ðp�hÞh2Fnffg

The study of this DC game requires some
preliminary information on the properties of the
final demand. Since the behavior of each con-
sumer is summarized by a discrete choice model
and the distribution g(x) of the reservation pri-
ces is positive and non-decreasing, the final de-
mand is given by DðpqÞ ¼

R �x
p=q 1 � dG ¼ 1� GðpqÞ

and verifies the following properties:13

Lemma 1. If g(x)>0 and g0ðxÞ � 0; the demand

DðpqÞ ¼
R �x
p=q 1 � dG is (i) continuous and at least

C2 on �0; �x½. Moreover (ii) 8 p
q � �x;DðpqÞ ¼ 0

while (iii) 8 p
q<�x, we observe that D p

q

� �
> 0,

(iv) D0 p
q

� �
<0, (v) limp=q!�x� D

0 p
q

� �
<0, and (vi)

D00 p
q

� �
� 0.

By property (ii), this game admits trivial
equilibria. More precisely, if there are at least
two firms setting pf > �x � q, all profits are zero
and nobody has an incentive to deviate. But
these situations are not interesting since nobody
produces even if profit opportunities exist.14 So
let us restrict to equilibria in which production
occurs. This can be done by putting an upper
bound on the price choices and by introducing a
constrained DC equilibrium given by

8f 2 F p�f 2 arg max
pf2½cf;�pfðp��fÞ�

pfðpf; p��fÞ;

where �pfðp��fÞ ¼ q � �x� Rh2Fnffgp
�
h

� �
ð2Þ
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This transformation generates no new equilib-
rium but selects the ones which lead to strictly
positive profits. More precisely, and since the
demand is strictly decreasing up to �x and be-
comes zero after �x, we can say:

Lemma 2. If there exists a constrained equilib-
rium, then, 8f 2 F ; p�f 2 �cf; �pfðp��fÞ½. More-over,

at equilibrium, we observe that D 1
q � Rf2Fp

�
f

� �
> 0

and pfðp�f ; p��fÞ > 0.

This lemma also tell us that an equilibrium, if
it exists, is an interior solution of each firm
optimization program (2). We therefore verify
the following first order conditions:15

8f 2F ðp�f � cfÞ �
1

q
�D0 1

q
� Rf2Fp

�
f

� �

þD
1

q
� Rf2Fp

�
f

� �

¼ 0 ð3Þ

Let us note by m�f :¼ ðp�f � cfÞ the margin taken
by firm f over her unit cost and by c ¼ Ri2Ici the
unit production cost of the composite good.
From equation (3) and the fact that Dð�Þ;D0ð�Þ
and q are independent of the choice of a peculiar
firm f, we notice that, at equilibrium, each firm
f 2 F takes the same margin m* although they
have heterogeneous unit costs. This margin is
implicitly defined by

m� ¼
q �D 1

q � ðjF j �m� þ cÞ
� �

�D0 1
q � ðjF j �m� þ cÞ
� � ð4Þ

Reciprocally, if m* solves equation (4), then, the
price vector given by ðp�f Þf2F ¼ ðm� þ cfÞf2F
verifies the set of equations depicted in (3) and is
an equilibrium of a DC game. We can therefore
assert that:16

Lemma 3. By Lemma 1 (i.e. the properties of the
demand) equation (4) admits a unique solution.
It follows that there exists a unique non-trivial
DC equilibrium.

After this tedious but necessary remarks on the
existence of an equilibrium, let us exhibit some

helpful properties of Dual Cournot competition.

Equation (4) is, from that point of view, very
important. It tells us that every firm takes at
equilibrium the same margin over her costs. We
can expect that the same holds for the equilibrium
profit even when the unit costs are not the same.
After some computations, this profit is given by

pDCðq; jF j; cÞ ¼ m� �D 1

q
� ðjF j �m� þ cÞ

� �

¼
q � D 1

q � ðjF j �m� þ cÞ
� �� �2

�D0 1
q � ðjF j �m� þ cÞ
� �

ð5Þ

Let us now introduce some comparative static
results and let us consider the case in which more
modules are produced (i.e. jF j increases). We get:

Proposition 1. At an interior DC equilibrium with
heterogeneous costs:

(i) Each firm earns the same profit pDCðq; jF j; cÞ
(ii) As the number of modules increases, the price

and the profit of each firm decrease
(iii) At the industry level, the profit

jF j � pDCðq; jF j; cÞ decreases with the number
of modules

(iv) However, the price paid by the consumers for
the composite good increases

(v) From (iii) and (iv), the total surplus de-
creases with the number of modules.

This proposition has some interesting conse-
quences on the Nash Bargaining process. In fact,
since the profit of each firm decreases with the
number of independent price-setters (i.e. the
number of modules), each firm gains from
cooperation because this situation is equivalent
to the existence of a unique price setter. Recip-
rocally, if cooperation occurs, neither a firm nor
a group of firms has an incentive to reject this
offer. By rejection, point (iii) tells us that the
total profit of the industry decreases. Since, at
equilibrium, every firm obtains the same profit
(see point (i)), the firm or the group of firms
which rejects cooperation necessarily earns less.
In the price setting game, cooperation is unani-
mously supported by the existing firms. In this
situation, the total surplus even increases.
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The total benefit of cooperation is given by
the monopoly profit, i.e. by pmðq; cÞ ¼
ðjF j � pDCðq; jF j; cÞÞjjF j¼1. It simply remains to
share the surplus. In this paper, we do not want
to enter into the bargaining process itself. This is
why we adopt a normative point of view. We use
the Nash Bargaining (NB) solution17 and
consider that the outside options are given by
the payoff obtained by each player in DC com-
petition. We say that:

Definition 2. The payoffs ðpNB
f ðq; jF j; cÞf2F ob-

tained after negotiation solve:

pNB
f ðq; jF j;cÞ

� �

f2F

2 argmaxðpfÞf2F

X

f2F
log pf�pDCðq; jF j;cÞ
� �

ð6Þ

s.t.
X

f2F pf¼ pmðq;cÞ

Let us recall that in DC competition each firm
chooses, at equilibrium, the same margin over
its unit cost and earns the same profit
pDCðq; jF j; cÞ (see Proposition 1 (i)). Because the
Nash bargaining solution relies on a symmetry
assumption, every firm obtains, as an additional
payoff to the statu quo situation, the same share
of the surplus issued from cooperation. So, we
get:

Proposition 2. After an efficient Nash bargaining
process with DC threats, each firm obtains the
same share pNBðq; jF j; cÞ ¼ 1

jF j � pmðq; cÞ of the
monopoly profit. This outcome is independent of
the statu quo point of the negotiation.

4. The investments in specialized knowledge

Since we are looking for a subgame perfect
equilibrium, we can move to the analysis of the
investments realized by each firm in each spe-
cialized knowledge under her control. This
decision which is taken before production occurs
takes into account the expected profit resulting
from cooperation. Each manager of a firm f 2 F
tries to maximize 1

jF j � pmðq; cÞ having in mind
that the quality q ¼ 1þmini2Ifeig of the final
good is linked to her investments. Moreover she
supports an additional monetary cost Ri2fei
where ei stands for her monetary investment in
activity i 2 f.

To understand these investment decisions, we
need to know how the monopoly profit pmðq; cÞ
reacts to a change in quality. So we first observe
that:

Lemma 4. The monopoly profit pmðq; cÞ is
increasing and convex with respect to the level of
quality of the final good.

This property of convexity, associated to the
idea that only the lowest level of investment
matters, is quite interesting. It tells us, from an
intuitive point of view, that if at least one firm
has no incentive to invest, then nobody invests.
In the opposite case, if every player invests then,
each of them has an incentive to spend the
largest possible amount of money �e ¼ mini2If�eig
in each activity. But if we consider a NE of this
investment game, this last intuition is not nec-
essarily true. In fact, because only the lowest
level of investment plays a role, nobody has the
opportunity to signal that she is willing to invest
more, even if this situation is better for every
player. From that point of view, it seems
meaningful to allow a pre-play communication
process in order to select a focal equilibrium in
the sense of Schelling (1960). This is why we
only consider the set of undominated Nash
Equilibria18 (UNE). More precisely, we say that:

Definition 3. ðe�f Þf2F 2 Pi2I½0; �ei� are undomi-
nated Nash equilibrium levels of investments if
and only if:

(i) ðe�f Þf2F 2 Pi2I½0; �ei� is a Nash equilibrium i.e.

8f 2 F ; ðe�i Þi2f 2 arg max
ðeiÞi2f2

Q
i2f½0;�ei�

pfðef; e��f;F ; cÞ

ð7Þ

(ii) there exists no other Nash equilibrium
ðe0iÞi2I 2 Pi2I½0; �ei� with the property that

8f2 F ; pfðe0f;e0�f;F ;cÞ � pfðe�f ;e��f;F ;cÞ ð8Þ

with at least one strict inequality.

Let us try to identify these equilibria. Since
q ¼ 1þmini2Ifeig every player f who solves (7)
has a strong incentive to invest the same amount
of money in each activity under her control. If
she does not act in this way she necessarily losses
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money. This argument which holds for each
player also extends across firms. Nobody has an
incentive to invest more than the other players.
At NE, everybody invests the same amount of
money in each activity. If this NE is unique it is
an UNE. If not, and since we use backward
induction, it remains to show that the UNE
investment level eudF is unique.

So, which is the level of eudF ? Let us first ob-
serve that the profile of strategies which consists
in investing ei=0 for all i 2 I is always a NE of
this game. Hence if it is unique, the problem is
solved. Let us assume that an other NE exists.
Since, at a NE, every player invests the same
amount of money, say e¢, and everybody has the
opportunity to invest nothing, the payoffs must
be greater (or equal) to the ones obtained in a
situation in which nobody invest. Because the
payoffs (the returns net of the investment costs)
are convex but not increasing with respect to
identical investment strategies, we can conclude
that these payoffs (when identical strategies are
chosen) are increasing for all e � e0. This prop-
erty and the fact that the min function induces a
coordination device allow us to conclude that
every e � e0 is also a NE. Since the equilibrium
profits increase with e � e0, we conclude that if
at least two equilibria exist then the only UNE
corresponds to a situation in which the maximal
amount of money is invested. It remains to ex-
hibit a necessarily and sufficient condition
ensuring that at least two NE exist in order to
state that:

Proposition 3. We observe that:

(i) Investing eF ¼ 0 in each activity is the unique
Nash equilibrium if and only if at least one
agent has no incentive to invest independently
of the choice of the other players. More for-
mally eudF ¼ 0 iff 9f 2 F pmð1þ �e; cÞ�
pmð1; cÞ< jF j � jfj � �e

(ii) If this last condition is not true, several Nash
equilibria exist and eudF ¼ �e is the unique un-
dominated Nash equilibrium

Let us sum up our previous results in order to
compute the equilibrium payoff of each player.
If we note:

r :¼ ðp
mð1þ �e; cÞ � n � �eÞ � pmð1; cÞ

n � �e ð9Þ

the net rate of return of a unit of money in-
vested at the industry level, we remark by
condition (i) of Proposition 3, that investments
occur if every agent is willing to do so, in fact
if and only if

8f2F pmð1þ �e;cÞ�pmð1;cÞ� jF j � jfj � �e
, 1þ r¼ pmð1þ �e;cÞ�pmð1;cÞ

n � �e � 1
n jF j�

maxf2F jfjf g
ð10Þ

The returns must be high enough in order to
make sure that investments occur. This is often
the case in knowledge-based industries. We can
conclude this section by the computation of the
profits realized by each firm, once a partition F
of the set of activities is chosen. In fact, we ob-
serve that:

Proposition 4. According to this selection device,
the equilibrium payoffs of the specialized invest-
ment game are given by

pIG
f ðF ;cÞ

¼
1
jF j �pmð1þ�e;cÞ�jfij ��e if1þr� 1

njF j �maxf2Ffjfjg
1
jF j �pmð1;cÞ else

8
<

:

ð11Þ

5. The structure of the industry

At this first stage of the game, we know the
profits realized by each firm, for every partition
of the composite good into modules. We are
able to examine the basic purpose of our paper
i.e. the question of the structure of the industry.
Two basic principles help us to answer this
question.

First of all, we assume as Audretsch (1995;
2001a) that these specific knowledge-based
activities are developed by ‘‘individuals’’. So, it
seems more relevant to identify each specialized
knowledge-based component to a decision cen-
ter and to assert that the structure of the
industry is stable if no initial owner or devel-
oper of a knowledge-based component has an
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incentive to leave the firm producing a module
using her specialized component. More for-
mally, we can associate to each partition F 2 F
of the set of activities and to each developer
i 2 I, a subset Dði;FÞ of partitions obtained by
moving activity i 2 f0 to an other firm, or by
allowing i to create her own business. This one is
given by

Dði;FÞ ¼ F 0 2 F jf00 ¼ f0nfig and
�

f0 ¼ f [ fig for one f 2 F or f ¼ ;g
ð12Þ

We know that the profit of a firm is equally
shared between the different developers because,
by our simplifying assumption, each activity
contributes in the same way to the final product.
Under a perfect foresight assumption, we can
argue that the expected returns of developer i
who joins firm f in the modularization structure
F are given by

piðF ;cÞ

¼
1
jF j�jfj �pmð1þ �e;cÞ� �e if 1þ r� 1

n jF j �maxf2Ffjfjg
1
jF j�jfj �pmð1;cÞ else

(

ð13Þ

Following Audretsch, the definition of a stable
partition can be:

Definition 4. A structure F s 2 F of the industry
is stable if and only if:

8i 2 I; 6 9F 2 Dði;F sÞ; piðF ; cÞ > piðF s; cÞ
ð14Þ

We denote the set of stable industrial structures
by S.

In our analysis, we also put a strong
emphasis on the idea that firms have the
opportunity to invest a certain amount of
money in each component under their control
and that these investments in each knowledge-
based component are non-contractible at least
across firms. These investments modify the
quality of the final product and the profits of the
industry. In the line of Coase, we can determine
the boundary of the firms through efficiency
considerations.

So, let us observe19 that 8F 2 F ; 1n jF j�
maxf2Ffjfjg � 1. If r � 0, by Proposition 4,

nobody will invest whatever the structure of the
industry is. Any structure is trivially efficient in
this case. This is why we restrict our attention to
situations in which the global return r of the
investment is strictly positive. Under this
assumption, the optimal structures are those
which induce a common investment of �e. By
Proposition 4, we know that investments occur if
and only if 1þ r � 1

n � jF j �maxf2Ffjfjg.
Following the standard ‘‘property right’’
approach (see Grossman andHart, 1986), we can
say that:

Definition 5. The set O of optimal property right
allocations which power the incentives to invest
is given by

O ¼ F 2 F j 1þ r � jF j
n
�max

f2F
fj f jg

	 


ð15Þ

We are now able to understand why separately
owned composite good industries emerge.

Proposition 5. A structure of a knowledge-based
industry such that each component is produced by
an independent firm is stable and optimal

The intuition beyond the proof of this prop-
osition is simple. In this case, we observe that
this structure is optimal because we have
jF j
n �maxf2Ffjfjg ¼ 1: So, let us assume that one
developer deviates. The new structure
F 2 Dði; ffigi2IgÞ may be or not optimal. If not,
she clearly has no incentive to deviate while in
the other case the absence of deviation directly
follows from the ‘‘joint-bargaining paradox’’.
This paradox, originally observed by Harsanyi
(1977) (see also Chae and Heidhues (2003) states
that an individual can be worse off, bargaining
as a member of a group than bargaining alone in
a pure-bargaining situation. This is typically
what happens here, because any deviation gives
rise to a group, i.e. a firm composed of two
members, who shares profits inside and who
takes part in the price bargaining process.

This last result does not mean that a com-
pletely disaggregated structure is the unique one
which is stable and optimal. An argument using
again the ‘‘joint-bargaining paradox’’ permits to
show that:
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Proposition 6. Every stable structure of the
industry is optimal

In fact, if we assume the contrary, it is easy to
verify that at least one agent has an incentive to
create his own business. If she perpetrates this
deviation, either the structure becomes optimal
and everybody gains or at least she gains the
right to participate directly to the final price
bargaining process and therefore has the
opportunity to escape to the ‘‘joint-bargaining
paradox’’. The reader notices that a similar
argument cannot be applied to an optimal
structure because the same deviation could in-
duce a inefficient modularization of the industry.

But this last result does not mean that every
optimal structure is stable. In order to illustrate
that point, let us take a structure F of the
industry with the property that every initial
owner of a basic activity has an incentive to
invest and let us assume that there exists at least
two firms f and f0 satisfying jjfj � jf0jj � 2. In this
case, an agent who belongs to the biggest coa-
lition always has an incentive to move to the
smallest one. This move does not modify the
incentives to invest at the industry level, but it
improves her own situation: the same amount of
profit allocated at the firm level is now shared
between a fewer number of agents.

If I ¼ fF 2 Fj8f; f0 2 F ; jjfj � jf0jj � 1g de-
notes the set of all partitions with the property
that the difference in the number of activities per
firm is smaller than one, we can prove that:

Lemma 5. Every stable structure of the industry
belongs to I .

This last lemma restricts the set of stable
structures of the industry because we can con-
clude that S � I \ O. But even if a situation
where each component is produced by an inde-
pendent firm is stable, we cannot assert that this
structure is the only one which shares this
property. In order to obtain such a clear cut
result, we had to require that the investments in
specialized knowledge play a key role to the
profitability of the industry. A simple but per-
haps extreme way of achieving this consists in
assuming that the rate of return r is greater than
1. Under this additional restriction we prove
that:

Lemma 6. Let us denote by FðiÞ a modularization
structure deduced from a partition F which has
the property that agent i creates his own firm.
Under the restriction that r > 1, we can assert
that 8F 2 In figi2I

� �
there exists at least one

agent i0 who belongs to the largest firm f 2 F for
which the new partition Fði0Þ remains optimal

If we take any partition F 2 I \ O which is
different from figi2I

� �
, we expect that at least

some agent i0 has an incentive to create his own
firm because by acting in this way she is sure
that the optimal level of investment is main-
tained and that she escapes the ‘‘joint-bargaining
paradox’’. This is however not sufficient to prove
that ffiggi2I is the unique stable partition. We
also need at least three players to enrich the set
of strategies, i.e. the alternative set of industrial
structures. Under this additional restriction, we
get:

Proposition 7. In knowledge-based industries
which include at least three activities and in which
the global return r of the investment in specialized
knowledge is greater than one, the only stable
industry (modularization) structure has the
property that each component is produced by an
independent firm. In the case of two activities the
structure of the industry remains indeterminate.

To sum up, we can conclude that the emer-
gence of small specialized firms is largely related
to the rate of return of the investments in spe-
cialized knowledge. If this rate belongs to [0, 1]
this structure is stable and optimal among some
others. In other words, this means that this
modularization structure will not necessarily be
observed in this case, even if this outcome is
possible. But it appears to be the only one which
shares these two properties if the rate of return is
greater then 1 and there are at least three
activities.

6. Conclusion

This last result typically concludes our paper. In
fact our main purpose was to understand why
several firms producing complementary com-
ponents may not merge, especially if one con-
siders high-tech industries, or more generally, all
industries in which high levels of investments in
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specialized and component-based knowledge are
the central source of benefits. From that point of
view, our paper provides some insights on the
question of the modularization of a production
process and focus on the main role of small
firms in component good industries

Our approach basically relied upon the idea
introduced by Audretsch (1995, 2001a) which
states that these specific knowledge-based
activities are developed by ‘‘individuals’’ who do
their best to appropriate the returns from that
knowledge. From that point of view, we looked
at firms as groups of owners or the developers of
basic components. We however added to this
story the idea that the firms have the opportu-
nity to invest in the development of the knowl-
edge of each component. By doing so, each firm
improves the quality of the final composite good
and by the way its own profit. These investments
being non-contractible across firms, our ap-
proach relied upon the standard view of the
boundary of a firm which involves both incom-
plete contracts and property rights (see Gross-
man and Hart, 1986 or Hart and Moore, 1990,
1999). Within this setup, we prove that an
organization of the industry with the property
that each activity is owned by an independent
firm is both stable with respect to Audretsch’s
argument and optimal with respect to the
property right approach. We even show that if
the returns of the investments in each compo-
nent-based knowledge are high enough then this
structure is the only one which is both stable and
optimal as long as there are at least three basic
components. Our proof relies both on the
property induced by DC competition and on the
joint bargaining paradox.

Our approach reminds particular in some
respects. First of all, the reader notices that we
analyzed the market structure using DC com-
petition. This implies that each module pro-
duced by a firm is a bottleneck, in other word,
there is no competition between the producers of
a given component. The introduction of this new
feature would modify the conclusions. If fact, if
such a competition is introduced in an asym-
metric way, it is no more clear that the profit
equalization rule applies. In this case, one would
expect that the statu quo point of the negotiation
will matter for the profit sharing rule. We have

also assumed that there are no externalities by
pooling activities. The fact that we rule out
negative externalities as quite natural with re-
spect to the argument. One could however think
at the introduction of positive ones. This would
make our argument less extreme. Structures in
which some activities are pooled and others are
not would appear. We used a somewhat poor
concept of formation of coalitions: the concept
of stability with respect to unilateral deviations.
This is why it could be interesting to look at the
same question by using more demanding
notions (Ray and Vohra, 1997) or stability
concepts developed in the economy of networks
(see Dutta and Mutuswami, 1997 or Jackson
and Wolinsky, 1996).

We also want to emphasize that our approach
in terms of production network applies to some
other situations. For instance, if a leading firm
which assembles the composite good is intro-
duced in this picture, it may be possible to tackle
the problem of access to the market and the
question of power (i.e. extraction of payoff)
within these industries (see Rajan and Zingales,
1998 or Stoles and Zwiebel, 1996). This opens
the more general question of the manipulation
of the set of players in a value chain (i.e. Fore-
closure or Dual-Sourcing). Even if no leading
firm is integrated, one can also address questions
related to mutual adjustments, coordination and
competences (see for instance Barney, 1991;
Soubeyran and Stahn, 2002, 2004).

Finally, it could be possible to enrich our
analysis by some empirical tests. Our main result
is that the degree of modularization of a com-
ponent based industry is linked to the rate of
returns of the investments in knowledge. More
precisely several stable structures including the
extreme disintegration case may occur if the
returns are low (i.e. smaller then one). But if
these returns are high this outcome is the sole
one. This suggests that there exists an inverse
correlation between the concentration of a
knowledge based industry and the profitability
of the component based investments.

Appendix A

The proofs which are obvious are not given.
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A. Proof of lemma 2

Let ðp�f Þf2F be a constrained Nash equilibrium of a DC

game. We first show that 8f 2 F ; cf<�pf ð p��fÞ. By construction,

we have 8f 2 F ; cf � �pf ð p��fÞ. So, let us assume that 9f0 2 F
such that cf0 ¼ �pf0 ðp��f0 Þ. It follows that p�f0 ¼ �pf0 ðp��f0 Þ ¼ cf0.

This last equation cannot hold for all f 2 F , otherwise the

viability condition lead to p�f0 þ
P

f2Fnff0g p
�
f ¼

P
f2F cf<q � �x; or

to pf0<�pf0 ðp��f0 Þ which is a contradiction. Hence 9f1 2 F with

the property that p�f1 > cf1 whose first order condition is given

by

@pf1 pf1 ðpf1 ; p��f1 Þjpf1¼p�f1

� 0, ðp�f1 � cf1 Þ �
1

q
�D0 1

q
�
X

f2F
p�f

 !

þD
1

q
�
X

f2F
p�f

 !

� 0 ðA:1Þ

Since p�f0 ¼ �pf0 ðp��f0 Þ, which is equivalent to Rf2Fp
�
f ¼ q � �x, we

have Dð1q � Rf2Fp
�
f Þ ¼ 0. Moreover p�f1 > cf1 , hence equation

(A.1) implies D0ð1q � Rf2Fp
�
f Þ � 0. This is a contradiction because

the demand is, by Lemma 1, strictly decreasing on [ 0; �x]. Then,

8f 2 F ; cf<�pf ð p��fÞ
Let us assume that 9f2 2 F ; p�f2 ¼ �pf2 ðp��f2 Þ. Because the

upper bound of f2’s choice set is reached, her first order con-

dition is given by

lim
pf2!�pf2 ðp

�
�f2
Þ
@pf2 pfðpf2 ; p��f2 Þ

� 0, ð�pf2 ðp��f2 Þ � cf2 Þ �
1

q
� lim

p
q!�x

D0
p

q

� �

� 0
ðA:2Þ

We have �pf2 ðp��f2 Þ � cf2 > 0. So, by equation (A.2), we have

limp
q!�x D

0ðpqÞ � 0. This contradicts the result (iii) of Lemma 1

because lime limp
q!�x D

0ðpqÞ<0. Then 8f 2 F ; p�f<�pfðp��fÞ.
Let us finally assume that 9f3 2 F ; p�f3 ¼ cf3 . In this case, f3’s

first order condition is given by

@pf3 pf3 ðpf3 ; p��f3 Þjpf3¼cf3

� 0, D
1

q
�

X

f2Fnff3g
p�f þ cf3

0

@

1

A

0

@

1

A � 0

From DðpqÞ � 0, it follows, by Lemma 1, that

Rf2Fnff3gp
�
f þ cf3 � q � �x or, by definition of �pf3 ðp��f3 Þ, that

cf3 � �pf3 ðp��f3 Þ which is the desired contradiction.

By pooling the previous results, if an equilibrium of the

constrained DC game exists, then, 8f 2 F ; cf<p�f<�pfðp��fÞ h

B. Proof of lemma 3

Let us first verify that a margin m* which solves equation (4)

exists and is unique. Let us define x by x ¼ 1
q � ðjF j �mþ cÞ and

let us write equation (4) as:

fðxÞ :¼ q � x� c

jF j þ q � DðxÞ
D0ðxÞ ¼ 0 with x 2 c

q
; �x

� 


ðA:3Þ

Observe that fðcqÞ ¼ q � Dð
c
qÞ

D0 ðcqÞ
<0 and from Dð�xÞ ¼ 0, we also

have limx!�x fðxÞ ¼ q��x�c
jF j > 0. Then 9x� 2�c=q; �x½ such that

f(x*)=0 or, i.e. a margin which solves equation (4). If f is

increasing that x*, and therefore m*, is unique. This follows

from Lemma 1 because:

f0ðxÞ ¼ q

jF j þ q � ðD
0ðxÞÞ2 �D00ðxÞ �DðxÞ

ðD0ðxÞÞ2
> 0

It remains to address the question of the existence and the

uniqueness of a constrained DC equilibrium. Since we can

associate to each constrained DC equilibrium a unique margin

m* which solves equation (A.3) we have to verify that every

solution of (A.3) induces a constrained DC equilibrium. So let

us take a solution of (A.3) and let us construct ðp�f Þf2F such that

p�f ¼
q�x��c
jF j þ cf. It remains to check that

8f 2 F ; p�f 2 argmax
pf2½cf ;�pfðp��fÞ�

pfðpf; p��fÞ. Because the industry is viable

(i.e. q � x� � c > 0Þ, we have 8f 2 F ; p�f > cf. From Rf2Fp
�
f ¼ q�

x�<q � �x we get 8f 2 F ; p�f<�pfðp��fÞ. Finally p�f solves, by con-

struction, the first order condition of the preceding maximiza-

tion program and the second order condition is met, due to the

property of the demand function (see Lemma 1) h

C. Proof of proposition 1

(i) Point (i) is an obvious consequence of equation (5).

(ii) Let us start with equation (A.3) given in the proof of

Lemma 3. Define hðxÞ :¼ � DðxÞ
D0 ðxÞ > 0 and observe that

h0ðxÞ � � DðxÞ
D0 ðxÞ

� �0
¼ � ðD

0 ðxÞÞ2�DðxÞ�D00 ðxÞ
ðD0 ðxÞÞ2 <0. By applying the Im-

plicit Function Theorem to equation (A.3), we have:

@jF jx
� ¼ hðxÞ

1� jF j � h0ðxÞ > 0 ðA:4Þ

From 8f 2 F ; p�f ¼
q�x��c
jF j þ cf, and equation (A.3), we get p�f ¼

hðx�Þ þ cf. Therefore we can say that @jF jp
�
f ¼ h0ðx�Þ � @jF jx�<0.

If we observe that 8f 2 F ;pDCðq; jF j; cÞ ¼ q�ðDð1q�ðjF j�m�þcÞÞÞ
2

�D0 ð1q�ðjF j�m�þcÞÞ

¼ q:hðx�Þ:Dðx�Þ, we get @jF jpDCðq; jF j; cÞ ¼ q� ðh0ðx�Þ �Dðx�Þþ

hðx�Þ� D0ðx�ÞÞ � @jF jx�<0

(iii) Let us remark that the profit of the industry can be

written as Pðq; jF j; cÞ ¼ jF j � pDC

ðq; jF j; cÞ ¼ jF j � q � hðxÞ �DðxÞ. Then:

@jF jPðq; jF j; cÞ ¼ q � ðjF j � ðh0ðxÞ �DðxÞ
þ hðxÞ �D0ðxÞÞ � @jF jx
þ hðxÞ �DðxÞÞ ðA:5Þ

If one replaces @jF jx by its expression given in equation (A.4),

we obtain after some manipulations:

@jF jPðq; jF j; cÞ ¼ q � @jF jx � ð�DðxÞÞ � ðjF j � 1Þ<0

for jF j > 1

(iv) Each consumer pays p ¼
P

f2F p�f ¼ q � x� where x* solves
equation (A.3); hence @jF jp ¼ q � @jF jx� > 0

(v) Since, by point (iii), the total profit is decreasing it remains

to check that the surplus of the consumers is decreasing.
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So let us first observe that the surplus of a consumer who

buys the good is given by q � x� p � 0. Since p ¼ q � x�, his
surplus is q � ðx� x�Þ. The total surplus of the consumers

is given by SC ¼ q �
R �x
x� ðx� x�Þ � gðxÞ � dx. Hence:

@jF jSC ¼� q � ððx� x�Þ � gðxÞÞjx¼x� � @jF jx�

� q �
Z�x

x�

@jF jx
� � gðxÞ � dx

¼� q � @jF jx� � ð1� Gðx�ÞÞ<0

This ends the proof of proposition 1. h

D. Proof of proposition 2

The first order conditions associated to program (6) give

8f 2 F ; ðp�f � pDCGðq; jF j; cÞÞ�1 � k ¼ 0
P

f2F p�f ¼ pmðq; cÞ

(

,
8f 2 F ;p�f ¼ pDCGðq; jF j; cÞ þ 1

k

jF j � pDCGðq; jF j; cÞ þ 1
k

� �
¼ pmðq; cÞ

( :

It follows that 8f 2 F ;pNB
f ðq; jF j; cÞ ¼ 1

jF j � pmðq; cÞ. Hence each

firm earns the same profit, although having different unit

costs. h

E. Proof of lemma 4

With a usual change of variable, we get:

pmðq; cÞ ¼ max
x2½c=q;�x�

ðq � x� cÞ �DðxÞ ðA:6Þ

Since x* is an interior solution, we observe, by the standard

Envelop Theorem, that @qpm ðq; cÞ ¼ x� �Dðx�Þ > 0. Then,

@2q;qp
mðq; cÞ ¼ ðDðx�Þ þ x�:D0ðx�ÞÞ: @x

�

@q

Using the first order condition of program (A.6), x* satisfies

q �Dðx�Þ þ ðq � x� � cÞ �D0ðx�Þ ¼ 0. We deduce that

ðDðx�Þ þ x� �D0ðx�ÞÞ ¼ c
q �D0ðx�Þ. Moreover by Lemma 1 and

the Implicit Function Theorem applied to the first order con-

dition of program (A.6), we get:

@x�

@q
¼ � c �D0ðx�Þ

q2 � ð2D0ðx�Þ þD00ðx�ÞÞ<0

Then, @2q;qp
mðq; cÞ ¼ c

q �D0ðx�Þ � @x
�

@q > 0. Hence pm(q, c) is strictly

convex in the quality of the composite good. h

F. Proof of proposition 3

In a preliminary step, let us notice two obvious but impor-

tant facts:

1. This game always admits a trivial equilibrium where each

firm plays ððeiÞi2fÞf2F ¼ 0.

2. Every equilibrium is symmetric, i.e. the same amount of

money is invested by each firm in each activity, otherwise

there always exists a player who has an incentive to reduce

his investment and, by doing so, improves her situation by

reducing her costs.

Let us now move to the proof of the proposition. We proceed in

2 steps. Moreover, to simplify the notation, let us define

PfðeÞ :¼ 1
jF j � pmð1þ e; cÞ � jfj � e

Step 1: If 9f 2 F ;pmð1þ �e; cÞ � pmð1; cÞ<jF j� jfj � �e; then

ðeiÞi2f
� �

f2F
¼ 0 is the unique Nash equilibrium, hence the un-

ique undominated Nash equilibrium

Proof

Let us first notice that Pf(e) is strictly convex in e because

pmð1þ e; cÞ is strictly convex (see Proposition 1). Then, for

k ¼ e
�e ; ð1� kÞ �Pfð0Þ þ k �Pfð�eÞ � PfðeÞ, and, by our assump-

tion, 9f 2 F such that Pfð�eÞ<Pfð0Þ. This means that

Pfð0Þ > PfðeÞ and

9f 2 F ; 8e 2�0; �e�; pmð1þ e; cÞ � pmð1; cÞ
<jF j � jfj � e: (A.7)

Moreover, by remark 1, ðeiÞi2f
� �

f2F
¼ 0 is a Nash equilibrium

of this game. So let us assume that an other equilibrium exists.

By remark 2, we know that this equilibrium is symmetric, so let

e� 6¼ 0 denotes this common investment level. Since e* is a Nash

equilibrium and because the min function enters in the defini-

tion of the payoffs, we can state, by the best reply property, that

8f 2 F ;8e 2 ½0; e��;PfðeÞ � Pfðe�Þ. Hence it holds for e=0 and

one deduces, by the definition of P(e), that 8f 2 F ;9e� 2 ½0; �e�;
pmð1þ e�; cÞ � jF j � jfj � e� � pmð1; cÞ. But this last assertion

contradicts condition (22). It follows that ðeiÞi2f
� �

f2F
¼ 0 is, in

this case, the unique Nash equilibrium.

Step 2: If 8f 2 F ;pmð1þ �e; cÞ � pmð1; cÞ � jF j� jfj � �e; then

ðe�i Þi2f
� �

f2F
where e�i ¼ �e is the unique undominated Nash

equilibrium

Proof

Because Pf(e) is strictly convex in e, we assert that

8e 2�0; �e½;Pfð�eÞ > PfðeÞ. The argument goes as before: we ob-

serve that for k ¼ e
�e ; ð1� kÞ �Pfð0Þ þ k �Pfð�eÞ > PfðeÞ, and, by

our assumption, Pfð�eÞ � Pfð0Þ, hence

8f 2 F ;8e 2�0; �e½;Pfð�eÞ > PfðeÞ.
Let us now verify that ðe�i Þi2f

� �

f2F
where e�i ¼ �e is a Nash

equilibrium. Let us assume that an agent is willing to deviate by

playing ðeiÞi2f 2 Pi2f½0; �ei�. In this case, she obtains
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1
jF j � pmð1þmin ðeiÞi2f; �e

n o
; cÞ �

P
i2fei.

Let e ¼ min ðeiÞi2f; �e
n o

, then

1

jF j � p
mð1þminfðeiÞi2f; �eg; cÞ

�
X

i2f
ei �

1

jF j � p
mð1þ e; cÞ � jfj � e ¼ PfðeÞ

Because 8e 2 ½0; �e½;PfðeÞ � Pfð�eÞ which is the payoff of the

agent before deviation then ðe�i Þi2f
� �

f2F
with e�i ¼ �e is a Nash

equilibrium.

Let us finally remember (see remark 2) that every Nash is

symmetric. If en 2 ½0; �e½ represents this common investment

strategy, the payoff of each player is given by

8f 2 F ; 1

jF j � p
mð1þ en; cÞ � jfj � en ¼ PfðenÞ

But, the inegalities 8f 2 F ;PfðenÞ<Pfð�eÞ. imply that investing

�e in each activity is the unique undominated Nash equilibrium

of this game h

G. Proof of proposition 5

Let F0 ¼ ffiggi2I. We have 1þ r � 1
n �

jF0j �maxf2F 0
fjfjg ¼ 1. Then F0 is an optimal structure. Let us

assume that at least one agent i has an incentive to move to an

other firm. If this happens the new structure of the industry can

be any partition F 2 Dði;F0Þ. In this case, she only has the

opportunity to form a coalition with an other agent. After

deviation, she either earns 1
2ðn�1Þ � pmð1þ �e; cÞ � �e or

1
2ðn�1Þ � pmð1; cÞ if investment respectively occurs or not, while

before deviation she received 1
n � pmð1þ �e; cÞ � �e. But

1

n
� pmð1þ �e; cÞ � �e � 1

2ðn� 1Þ � p
mð1þ �e; cÞ � �e

hence agent i0 has no incentive to deviate if the investment is

maintained after deviation. Let us now consider the second

case. From r ‡ 0, we observe that

pmð1þ �e; cÞ � n � �e

� pmð1; cÞ ) 1

n
� pmð1þ �e; cÞ � �e

� 1

n
� pmð1; cÞ � 1

2ðn� 1Þ � p
mð1; cÞ

because if n ‡ 2, then 1
n � 1

2ðn�1Þ. We can conclude that

8i 2 I;8F 2 Dði;F0Þ;pi
IGðF ; cÞ � pi

IG ðF0; cÞ. This means that

F0 ¼ ffiggi2I is not only optimal but also stable. h

H. Proof of proposition 6

Since by Proposition 5 this result is true for ffigi2Ig, let us
consider any structure F 6¼ ffigi2Ig and let us assume that

F 2 S and F 62 O. Because F 62 O, then 1þ r< jF j
n �maxf2Ffjfjg.

Since F 6¼ ffigi2Ig, F contains at least one firm f0 composed of

at least two basic activities. If an agent i0 2 f0 who belongs to

this set has an incentive to deviate the proof is finished because

we initially assumed that F 2 N . So let us assume that she

deviates and creates her own firm. If F i0 denotes the partition

obtained after this deviation, player i0 receives:

pi0 ðF i0 ; cÞ

¼
1

ðjF jþ1Þ � pmð1þ �e; cÞ � �e if 1þ r � jF i0 j �maxf2F i0
fjfjg

1
ðjF jþ1Þ � pmð1; cÞ else if (A) holds

(

(A), the previously erased condition

while, before deviation, she receives pi0 ðF ; cÞ ¼ 1
jF j�jfj �

pmð1; cÞ, because F 62 O. Since F 6¼ ffiggi2I and r � 0, we have

pmð1þ �e; cÞ � ðjF j þ 1Þ:�e � pmð1þ �e; cÞ � n � �e
� pmð1; cÞ

in other words pi0 ðF i0 ; cÞ � 1
ðjF jþ1Þ � pmð1; cÞ. Remember that |f0|

> 1. Then we can assert that jF j � jf0j > ðjF j þ 1Þ because

jF j � 2. This means that pi0 ðF i0 ; cÞ > piðF ; cÞ and this contra-

dicts the fact that F 2 S h

I. Proof of proposition 7

Let us assume that it exists a partition F 2 S and F 62 O. It
follows that (i) 1þ r< jF j

n �maxf2Ffjfjg because F 62 O and (ii)

F 6¼ ffiggi2I by Proposition 6. By (ii), it exists at least one agent

i1 who forms a firm with another agent. Let us assume that she

deviates and creates his own firm. If F i1 denotes the partition

obtained after this deviation, this player receives:

pi1 ðF i1;cÞ¼
1

ðjF jþ1Þ �pmð1þ �e;cÞ� �e if 1þ r� jF i1 j �maxf2F i1
fjfjg

1
ðjF jþ1Þ �pmð1;cÞ elseif (A) holds

(

(A), the previously erased condition

and since F 6¼ ffiggi2I and r � 0, we can say, as in the proof

of proposition 6, that pi1 ðF i1 ; cÞ � 1
ðjF jþ1Þ � pmð1; cÞ. Let us now

compute the profit of player i1 before she deviates. By remark

(i) we have pi1 ðF ; cÞ ¼ 1
jF j�jfj � pmð1; cÞ with |f|>1, because i1 is

has not initially created his own firm. It follows that

jF j � jfj > ðjF j þ 1Þ which implies pi1 ðF i1 ; cÞ > pi1 ðF ; cÞ. This

agent has an incentive to deviate. h

J. Proof of lemma 5

Let us assume that 9F 2 F ;F 2 S and F j2O \ I . Since, by
Proposition 7, F 2 O, we deduce that F j2I . This means that F

contains at least one coalition f such that 9f0 2 F ; jfj � jf0j > 1.

So let us assume that one agent i 2 f decides to joint coalition f¢.
This new partition is denoted by F 0. Because F 2 O, we know

that investment takes place under F . This means that

1þ r � 1
n � jF j �maxf2Ffjfjg. But after deviation jF 0j ¼ jF j and

maxf2Ffjfjg � maxf2F 0 fjfjg. Investment also occurs after devi-

ation. Therefore player i obtains pIG
i ðF 0; cÞ ¼ 1

jF j�ðjf0 jþ1Þ
pmð1þ �e; cÞ � �e and before deviation, he earned

pIG
i ðF ; cÞ ¼ 1

jF j�jfj � pmð1þ e; cÞ � �e. But f and f ¢ were chosen such

that jfj � jf0j > 1, hence pIG
i ðF 0; cÞ > pIG

i ðF ; cÞ. This contradict

the fact that F 2 N . h
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K. Proof of lemma 6

By the standard Euclidian division rule n ¼ E n
jF j

� �
� jF j þ k

where k 2 N; k<jF j and Eð�Þ stands for the integer part of n
jF j.

By construction of I we get:

8F 2 I ;max
f2F
fjfjg ¼

n
jF j if k ¼ 0

E n
jF j

� �
þ 1 if k � 1

(

After this remark, let us start the proof. Let us choose

F 2 Inffigi2Ig and let us construct FðiÞ. By the previous re-

mark and the early definition of FðiÞ, we have

with fmax 2 argmaxf2FðiÞfjfjg
Let us select an agent i0. This agent is chosen so that she

belongs to one of the largest firm i.e.

i0 2 fmax 2 argmaxf2FðiÞfjfjg. By doing so, we get:

A : ¼ 1

n
� jFði0Þj � max

f2Fði0Þ
fjfjg

¼

1
n � ðjF j þ 1Þ � n

jF j if k ¼ 0

1
n � ðjF j þ 1Þ � E n

jF j

� �
if k ¼ 1

1
n � ðjF j þ 1Þ � E n

jF j

� �
þ 1

� �
if k � 2

8
>>><

>>>:

since r > 1, we have:

It remains to consider the case k � 2, where

A ¼ 1

n
� jF j

2 þ ðn� kþ 1Þ � jF j þ ðn� kÞ
jF j

 !

� 1

n
� jF j

2 þ ðn� 1Þ � jF j þ ðn� 2Þ
jF j

 !

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
gðjF jÞ

since k � 2 and @kA � 0

Because the right-hand side of the preceding inequality is con-

vex in jF j, it follows that
A � maxfgð1Þ; gðnÞg

¼ 2max
n� 1

n
;
n2 � 1

n2

	 


� 2 � 1þ r

Then 8F 2 Inffigi2Ig;9i0 2 fmax, with the property that the

deviation Fði0Þ 2 O. h

L. Proof of proposition 8

By Lemma 5, we know that for r > 0;S � I . Then we only need

to verify that no structrure 8F 2 Inffigi2Ig is stable. Moreover

by Lemma 6 we know that for r>1 and 8F 2 I
nffigi2Ig;9i0 2 fmax;Fði0Þ 2 O. It remains to check that agent i0
is better off if she perpetrates the deviation Fði0Þ, i.e. creates her
own firm. Let us denote by fi0 2 F the firm to which i0 initially

belongs. Since F 6¼ ffigi2Ig and i0 2 fmax, we observe that

jfi0 j � 2. Moreover, since n � 3, if jfi0 j ¼ 2 then jF j > 1. Finally,

because jfi0 j; jF j 2 N, we have jF j þ 1<jF j � jfi0 j. This last

inequality implies:

pIG
i ðFðiÞ; cÞ ¼

1

jF j þ 1
pmð1þ �e; cÞ � �e > pIG

i ðF ; cÞ

¼ 1

jF j � jfi0 j
pmð1þ �e; cÞ � �e

Then the deviation F(i0) is profitable. Finally if n=2, after

computation we observe that 8i ¼ 1; 2;pIG
i ðff1; 2gg; cÞ ¼

pIG
i ðff1g;f2gg; cÞ. Therefore, the structure of the industry re-

mains indeterminate. h

Notes
1 A large and instructive material concerning these
industries can be found in a special issue of Small Business
Economics edited by Fuchs (2001).
2 See for instance the special Issue ‘‘Network Econom-
ics’’ of the IJIO (Economides and Encaoua, 1996) in 1996
or Soubeyran (1983) and Soubeyran and Stahn (2001).
3 In chapter 9, entitled ‘‘Du Concours des Producteurs’’,
Cournot introduces, in a very modern way, the case in
which two firms choose prices for products which are
complementary from the point of view of the consumer.
He largely studies this situation and concludes that both
firms have an incentive to merge. This case was latter
identified by Sonnenschein (1968) as the dual of the
standard Cournot model. (For an explicit reference to this
case see also Economides and Salop (1992) or more
recently Economides (1999) or Colombo and Rossini
(1997).
4 This result was also stated by Economides (1999) in a
model very close to ours but in which he only concentrates
on the market structure.
5 A similar assumption was introduced by Economides
(1999). From that point of view, our model can be viewed as
a generalization of his work to a multi-activity setting. We
however add into this picture some features of knowledge-
based industries and provide an endogenous way to define
the number of activities pooled by a firm.
6 For a detailed description of the Nash Bargaining
solution and the mechanisms which implement this solu-
tion, the reader is referred to the book of Osborne and
Rubinstein (1990).
7 For some references to price bundling strategies see for
instance the book edited by Fuerderer et al. (1999).
8 We assume that the quality or some other characteris-
tics of a specialized component are not verifiable by an

8i 2 I;
1

n
jFðiÞjmax

f2FðiÞ
fjfjg ¼

1
n ðjF j þ 1Þmaxf2Ffjfjg if k 6¼ 1

1
n ðjF j þ 1Þðmaxf2Ffjfjg � 1Þ if i 2 fmax

1
n ðjF j þ 1Þðmaxf2FfjfjgÞ else

( )

else:

8
>><

>>:

	 for k ¼ 0 A ¼ ðjF jþ1ÞjF j � 2<1þ r

since jF j � 1

	 for k ¼ 1 A � 1
n � ðjF j þ 1Þ � n

jF j ¼
ðjF jþ1Þ
jF j <1þ r

since E n
jF j

� �
� n
jF j

	 if k � 2 A ¼ 1
n � ðjF j þ 1Þ � n�k

jF j þ 1
� �

if k � 2

:
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outside party. We take therefore the notion of incomplete
contract as granted. For further discussions on this notion
see Hart and Moore (1999), Maskin and Tirole (1999a,
1999b) or Segal (1999).
9 The model easily extends to situations in which the
required amount of components are different since our
assumption only works as a normalization rule.
10 It becomes clear why we decided to normalize the level
of quality to 1 in the case in which no investment occurs.
11 We implicitly assume that there are no additional costs
nor gains from modularization. Even if one of the previous
situations may perhaps be more acceptable, we do not want
to create incentives either to split or to merge.
12 The reader may perhaps be surprised that we simply
sum up these different prices. This holds because each unit
of final product requires one unit of each activity. However
the results of this section do not rely on this peculiar
assumption.
13 Property (vi) is the only one which is deduced from
g0 � 0. So, if the reader finds this assumption not suitable, a
weaker is the log-concavity of the demand. This restriction
can be obtained by assuming that the elasticity of g is
greater than the elasticity of the demand.
14 Even if the quality is low (i.e. q=1), we know that the
highest reservation prices �p ¼ �x � q is always greater than
the unit production cost of the composite good. Profit
opportunities are therefore available.
15 Under the restrictions imposed on the demand (see
Lemma 1), we know that these conditions are not only
necessary but also sufficient for the description of an equi-
librium.
16 For a more general existence result of a DC equilib-
rium, the reader is referred to Soubeyran and Stahn (2001).
In this paper, the authors show, by applying Tarski’s fixed
point theorem, that a decreasing demand function with an
upper reservation price is enough for existence.
17 For the mechanisms which implement the Nash Bar-
gaining solution, the reader is referred for instance to the
book of Osborne and Rubinstein (1990).
18 This selection device is rather mild. It is, of course,
possible to use stronger selection devices like the concept of
Strong Nash equilibria introduced by Aumann (1959) or
the notion of coalition-proof NE developed by Bernheim et
al. (1987). But this is not necessary. In our case, the different
selection devices lead to the same set of equilibria.
19 Otherwise 8f 2 F ; jF jn � jfj<1, then but by summing over
all f 2 F , we obtain

P
f2F
jF j
n � jfj ¼ jF j<1, a contradiction.
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